We consider the simulation of a quantum channel by two parties who share a resource state and may apply local operations assisted by classical communication (LOCC). One specific type of such LOCC is standard teleportation, which is however limited to the simulation of Pauli channels. Here we show how we can easily enlarge this class by means of a minimal perturbation of the teleportation protocol, where we introduce noise in the classical communication channel between the remote parties. By adopting this noisy protocol, we provide a necessary condition for simulating a non-Pauli channel. In particular, we characterize the set of channels that are generated assuming the Choi matrix of an amplitude damping channel as a resource state. Within this set, we identify a class of Pauli-damping channels for which we bound the two-way quantum and private capacities.
I. INTRODUCTION
Simulation of quantum channels is a central tool in quantum information theory [1] [2] [3] [4] . One of the first seminal ideas was introduced in Ref. [5] , where the channel simulation was based on the standard teleportation protocol [6, 7] , but where the shared maximally-entangled state was replaced by an arbitrary two-qubit resource state. Later on, Ref. [8] showed that this method allows one to simulate any Pauli channel, i.e., any quantum channel whose action on an input state can be expressed by a Kraus decomposition in terms of Pauli operators [1] . In Ref. [5] , the teleportation simulation was used to transform protocols of quantum communication through a (Pauli) channel into protocols of entanglement distillation over the resource states. The same technique was then exploited in Ref. [9] to show the reproducibility between (isotropic) states and (Pauli) channels.
In 2001, Ref. [10] described generalized teleportation protocols in the context of discrete variable (DV) systems, allowing for more general quantum measurements beyond Bell detection. Following these steps, Ref. [11] moved the first steps in investigating teleportationcovariance for DV channels, which is that property of a quantum channel to commute with the random unitaries of teleportation. This property has been generalized by Ref. [12] to quantum channels at any dimension, including continuous variable (CV) channels. Thanks to teleportation covariance, a quantum channel can be simulated by teleporting over its Choi matrix. This result was re-stated in a different form by a follow-up work [13] .
One crucial step introduced by Ref. [12] has been the removal of any restriction on the dimension of the quantum systems involved in the simulation process. For this reason, one can simulate DV channels, CV channels and even hybrid channels between DVs and CVs. More generally, Ref. [12] was not limited to teleportation LOCCs (i.e., Bell detection and unitary corrections), but considered completely general LOCCs which may also be asymptotic, i.e., defined as suitable sequences. This more general LOCC simulation allowed them to simulate any quantum channel. In particular, it allowed them to simulate, for the first time in the literature, the amplitude damping channel (which is a DV channel) by using the Choi matrix of a bosonic lossy channel (which is a CV channel) and an LOCC based on hybrid CV-DV teleportation maps [14] .
One of the most powerful applications of channel simulation is teleportation stretching [12] . In this method, the LOCC simulation of a quantum channel (with some resource state σ) is used to completely simplify the structure of adaptive protocols of quantum and private communication, which are based on the use of adaptive LOCCs, i.e., local operations assisted by unlimited and two-way classical communications (CCs). Any such protocol can be re-organized in such a way to become a much simpler block protocol, where the output state, after n uses of the channel, is expressed in terms of a tensorproduct of the resource states σ ⊗n up to a global LOCC. Contrary to previous approaches [5, [15] [16] [17] , the method devised in Ref. [12] does not reduce quantum communication (over specific channels) into entanglement distillation, but reduce any adaptive protocol (over any channel at any dimension) into an equivalent block form, where the original task is perfectly preserved (e.g., so that adaptive key generation is transformed into block key generation). For this reason, the technique has been also extended beyond point-to-point quantum communication [18, 19] , and also to simplify adaptive protocols of quantum metrology and quantum channel discrimination [20, 21] .
By using teleportation stretching and extending the notion of relative entropy of entanglement (REE) [22] [23] [24] from states to channels, Ref. [12] derived a simple single-letter bound for the two-way quantum and private capacities of an arbitrary quantum channel. Such bound is shown to be achievable in many important cases, so that Ref. [12] established these capacities for dephasing channels, erasure channels (see also Refs. [25, 26] ), quantum-limited amplifiers, and bosonic lossy channels. The two-way capacity of the lossy channel, also known The paper is structured as follows. We start with discussing preliminary notions in Sec. II, including the basics of quantum teleportation, channel simulation and teleportation stretching and its application to derive upper bounds for the two-way capacities. Then, in Sec. III, we show how to simulate non-Pauli channels via our noisy teleportation protocol. This is further developed in Sec. IV, where we consider the channels simulated starting from the Choi matrix of the amplitude damping channel and we also define the Pauli-damping channels. The properties of these channels are studied in Sec. V. Finally, Sec. VI is for conclusions.
II. PRELIMINARIES A. Quantum teleportation
Teleportation [6, 7, [40] [41] [42] [43] is one of the strangest and most intriguing results to come out of quantum information. We shall outline the standard approach here, so that the generalizations in the following sections are more apparent. The basic version of the protocol is as follows. Alice (A) and Bob (B) share a maximally entangled state, e.g., a Bell state of the form
for DV systems, and the asymptotic EPR state [4] 
for CV systems (where |n is the number state), which produces correlationsq A =q B for the positionquadrature, andp A = −p B for the momentumquadrature [40, 41] . For the qubit case d = 2 which we shall be focusing on later, the state of Eq. (1) is
(|00 + |11 ). Alice also has an arbitrary state ρ C to be teleported to Bob. To begin the process, Alice performs a Bell measurement on her two systems, AC. In DVs this is done by using the d dimensional Bell basis, consisting of the d 2 maximally entangled states |Φ α,β , with α, β ∈ {1 . . . d}. In operator notation we describe the measurement by {M α,β }, with M α,β = |Φ α,β Φ α,β | and
where
The set {σ 
In CVs, the measurement operator can be thought of as
) is the displacement operator with complex amplitude k andâ being the annihilation operator.
The effect of the Bell measurement, in which all outcomes occur with equal probability, is to transform Bob's half of the maximally entangled state into the teleported state up to a random unitary. In DVs, the state of Bob (system B) takes the form ρ B|(α,β) = σ
† , for a given Bell outcome (α, β), while for CVs this state is ρ B|k =D(k)ρ CD (k) † , given the Bell outcome k. Since Alice communicates the Bell outcome to Bob, he can undo the random unitary and recover Alice's input state ρ C . Note that the Alice's CC to Bob is necessary to reproduce the state, otherwise the two remote users could communicate faster than the speed of light. In the following, we focus on DV systems and we discuss how the teleportation protocol can be progressively modified to simulate more and more quantum channels.
B. Changing the resource for teleportation
From the protocol described in the previous section, a natural question to ask is "what is the consequence of changing the resource state shared by Alice and Bob?" This was first considered in [5] , who looked into the scenario where Alice and Bob instead share a generic mixed two-qubit state, which we can express as [44] 
in terms of Pauli operators {σ i } 3 i=0 = {I, σ x , σ y , σ z }, the vectors a = {a i }, b = {b i }, and the matrix [T ] ij = t ij .
Theorem 1 ( [8] ) The effect of teleportation over an arbitrary two-qubit state τ as in Eq. (8) is the Pauli channel
where p i = Tr (E i τ ) and E i are the projectors on the Bell states, i.e.,
Using this theorem, we can view the standard teleportation protocol of Sec. II A in a new context, as simulating a trivial Pauli channel (the identity channel from Alice to Bob). We can re-state the previous theorem by using the Bloch sphere representation of qubit states.
Definition 2 ([1])
In the computational basis, an arbitrary qubit state ρ can be represented by the density matrix
This is one-to-one with a Bloch vector, r = (x, y, z), with Euclidean norm ||r|| ≤ 1 (equality for pure states). We can thus represent the actions of qubit channels by their effect on the Bloch vector of the sent state.
Given a generic resource state of the form (8), we easily find that the Pauli channel simulated by teleportation over this state corresponds to the transformation
of the Pauli channel as follows
It is also easy to verify that
which means that the vector (t 11 , t 22 , t 33 ), characterizing the Pauli channel, must belong to the tetrahedron T defined by the convex combination of the four points According to Eq. (15), there is a simple way to simulate a Pauli channel with arbitrary probability distribution {p i }. One may just take the resource state
with t ii being connected to {p i } by the formulas above. Note that this resource state is Bell diagonal, i.e., a mixture of the four Bell states.
C. Generalized channel simulation
In general, the simulation of a quantum channel does not necessarily need to be implemented through quantum teleportation (even in some generalized form [10] ). In fact, we may consider a completely arbitrary LOCC applied to some resource state [45] . 
Note that this is an extremely general idea. The dimension of the Hilbert spaces involved can be finite, infinite, equal or non-equal. Because of the generality of the LOCC, it is clear that any channel is (trivially) simulable by a maximally entangled state. In fact, it is sufficient to include the channel E into Alice's LOs and then perform the standard teleportation of the output. In fact, the point is to find the best resource state τ among all the possible LOCC simulations. Typically, the best case is when τ represents the Choi matrix of channel
Definition 4 ( [12] ) A quantum channel E is called "Choi-stretchable" if it can be LOCC-simulated by using its Choi matrix, i.e., we can write Eq. (25) with τ = χ E .
There is a simple condition that allows us to identify Choi-stretchable channels, teleportation covariance.
Definition 5 ([12])
A quantum channel E is called "teleportation covariant" if, for any teleportation unitary U , there exists some unitary V such that
Because of teleportation covariance we can simulate a quantum channel by means of teleportation over its Choi matrix. In fact, let ρ C be an input state (owned by Alice) of channel E and consider the teleportation of ρ C using the maximally entangled state |Φ AB . When Alice performs her Bell measurement, if the outcome corresponding to the Bell state (I ⊗ U ) |Φ is obtained, then the state U ρ C U † is teleported to B. Applying a teleportation covariant E to this state, we obtain
Therefore, if the corrective unitary V −1 is applied by Bob after the channel for all the possible U , then he will obtain the final state E (ρ C ) irrespective of the Bell detection outcome. This corresponds to simulation of E by teleportation. However, because the Bell measurement on systems AC is locally separated from the application of E on system B, we can commute these operations and the result is the simulation of E by teleporting over its Choi matrix χ E . This leads to the following.
Lemma 6 ([12])
If a quantum channel E is teleportation covariant, then it is Choi-stretchable via teleportation. This channel may also be called a "teleportation simulable" channel.
All Pauli channels (regardless of dimension) are teleportation covariant, and are therefore Choi-stretchable.
Note that in the previous lemma, we are stating a sufficient condition only. We would like to modify the lemma into a sufficient and necessary condition. Let us define the Weyl-Heisenberg (WH) teleportation protocol. This is a teleportation protocol over an arbitrary resource state where the output corrective unitary is a unitary representation of the Weyl-Heisenberg group associated with the Bell detection. This protocol defines the WHteleportation channels as follows.
Definition 7
We say that a quantum channel is a "WHteleportation channel" if it can be written in the form (29) where τ AB is a preshared resource state between Alice and Bob,
belonging to the ddimensional Weyl-Heisenberg group, and V (g) is a (generally different) representation of the same group.
Note that conventional teleportation may be written in the form of Eq. (29) by setting V (g) = U (g) and τ AB = |Φ Φ|, the maximally entangled state. In Appendix A, we then show the following characterization.
Theorem 8 For DV systems, a channel is teleportation covariant iff it is a WH-teleportation channel, i.e., Choistretchable via a WH-teleportation protocol.
D. Teleportation stretching and weak converse bounds for private communication
The most general protocol for key generation (or private communication) between two remote parties, connected by a quantum channel E, consists in the use of adaptive LOCCs interleaved between each transmission through the channel. This type of private protocol is very difficult to study due to the presence of feedback that may be exploited to improve the inputs to the channel in a real-time fashion. As Ref. [12] has recently shown, an adaptive protocol for private communication can be transformed into a much simpler (non-adaptive) protocol by means of teleportation stretching. This means that each use of channel E is replaced by its simulation via an LOCC and a corresponding resource state τ . All the LOCCs, both the original from the protocol and the new ones introduced by the simulation, can be collapsed into a single (trace-preserving) LOCC Λ. As a result, after n transmissions, the output of the protocol can be decomposed into the form
To understand the huge simplification that this method brings, we need to combine it with the use of the relative entropy of entanglement (REE) [22] [23] [24] . Recall that the relative entropy between two states ρ and σ is defined as [22] S(ρ||σ) := Tr(ρ log ρ − ρ log σ), (31) and the REE of a state is given by the following minimization over all separable states (SEP) [23, 24] 
This is monotonic under trace-preserving LOCCs Λ, i.e.,
, and sub-additive over tensor prod-
. Now consider the secret-key capacity K of a quantum channel (maximum number of secret bits per channel use which are generated by adaptive protocols). This is equal to the two-way private capacity P 2 of the channel (maximum number of private bits per channel use which are deterministically transmitted from Alice to Bob by means of adaptive protocols) and greater than the twoway quantum capacity Q 2 (maximum number of qubits per channel use which are reliably sent from Alice to Bob by means of adaptive protocols). We have the following.
Theorem 9 ([12])
The secret key capacity of a channel must satisfy the weak converse upper bound
where L is an adaptive protocol for key generation and ρ n is its n-use output.
Now we can see that combining the REE bound in Eq. (33) with the stretching in Eq. (30) , and exploiting the monotonicity and sub-additivity of the REE, we derive the following.
Theorem 10 ([12])
If a channel E is τ -stretchable, then its secret-key capacity is upper bounded by the REE of its resource state τ , i.e.,
In particular, for a Choi-stretchable channel, we write
where χ E is its Choi matrix.
III. SIMULATING NON-PAULI CHANNELS VIA "NOISY" TELEPORTATION
Whilst we have an extremely simple way of simulating Pauli channels, i.e., just standard teleportation on a two-qubit mixed state [5, 8] , we would like to have a similarly easy way for simulating non-Pauli channels. Here we show that this is possible by means of a simple modification of the teleportation protocol where we also include a classical channel in the CCs from Alice to Bob. This is non-trivial because until now, the only way to generate non-Pauli channels via DV teleportation is by changing the dimension of the Hilbert space between the systems A and B of the shared resource of Alice and Bob (e.g., using a qubit-qutrit resource state, one may simulate an erasure channel). In the following discussion, we shall limit ourselves to the case where E maps qubits to qubits.
Consider a classical channel Π from Alice's outcome k for the Bell measurement to Bob's variable l for the corrective Pauli unitary U l . This is characterized by conditional probability distribution [51] p l|k such that
What this means in practical terms is that when Alice obtains the Bell outcome k, rather than Bob performing the corrective unitary U k with certainty, instead he performs one of the four unitaries U l with probability p l|k . Using such a noisy teleportation protocol, we prove the following.
Theorem 11 Consider a teleportation protocol based on a Bell detection and Pauli correction unitaries but where the resource state is a generic two-qubit state τ and the CCs from Alice to Bob are subject to a classical channel Π ("noisy teleportation"). In this way, we simulate a quantum channel E f whose action on the Bloch sphere is described by
where f ij is given by the formula f ij = t ji S ij , where
and T is defined as the "augmented" T matrix,
taking t ji from the T matrix of Eq. (8) .
By comparing Eq. (15) with Eq. (37), we can see immediately that the inclusion of a classical channel opens up much wider variety of simulated quantum channels. In fact, we may now have dependence on x, y and z in any part of the transformed Bloch vector, and it is also possible to add constant terms. This clearly allows us to go well beyond Pauli channels (a specific class of non-Pauli channels will be discussed in the next section). Here we may also state the following result which is a no-go for the simulation of non-Pauli channels when the noisy teleportation protocol is restricted to Bell diagonal resource states.
Theorem 12 Using a Bell diagonal resource state, i.e., of the form in Eq. (24), it is only possible to simulate Pauli channels regardless of the classical channel in place between the two parties.
Proof. From the structure of S ij , we can see it can only take values in [−1, 1]. Making use of (37), we see that the action of any channel generated using resource state (24) will be E : (x, y, z) → (t 11 S 11 x, t 22 S 22 y, t 33 S 33 z) .
Looking at the structure of the sums S ii for i ∈ {1, 2, 3} (given in Appendix B), we find that for any valid p l|k term within the sum induces one of four transformations 4 } sums to 1, this may also be thought of as a convex weighting, and thus we may conclude that (t 11 S 11 , t 22 S 22 , t 33 S 33 ) ∈ T , and so induces a Pauli channel.
It is important to understand the difference between Theorem 12 and Theorem 1. Theorem 1 tells us that an arbitrary two qubit resource state with perfect CC from Alice to Bob may only simulate Pauli channels, whereas Theorem 12 states that a Bell diagonal resource with an arbitrary classical channel for the CC from Alice to Bob may only simulate Pauli channels. As a result, we have the following corollary which will drive us in the choice of the resource state in the next section.
Corollary 13
In order to simulate a non-Pauli channel via noisy teleportation, the resource state τ of Eq. (8) must have b = 0 or T non-diagonal. This means τ cannot be the Choi matrix of a Pauli channel.
IV. AMPLITUDE DAMPING AS A RESOURCE FOR SIMULATING NON-PAULI CHANNELS
Following Corollary 13, we will explore resource states which are non-diagonal in the Bell basis. A natural choice is to consider the Choi matrix of the amplitude damping channel. This is the most studied (dimension preserving) non-Pauli channel. It has the action
where γ ∈ [0, 1] is the probability of damping. Alternatively, on the Bloch sphere, we have
(47) The Choi matrix of this channel is
which is a resource state of the form (8), where the nonzero entries are only
It is useful to define the F matrix of a channel, which compactly describes the action of the channel on the augmented Bloch vector (1, x, y, z). Definition 14 A quantum channel E : (x, y, z) → (x , y , z ) can be described by its F matrix F E , where
The F matrix of an amplitude damping channel E γ is
For a Pauli channel E : (x, y, z) → (t 11 x, −t 22 y, t 33 z), we may set q i := t ii and write
with q = (q 1 , q 2 , q 3 ) belonging to the tetrahedron T (see Sec. II B).
We are now ready to present the first of our two main results, where we provide the general form of the channel that are simulable by noisy teleportation over the Choi matrix χ γ of the amplitude damping channel.
Theorem 15 All channels that are simulable by noisy teleportation over the amplitude damping Choi matrix χ γ can be uniquely decomposed in the following way
(54) If two channels have identical F matrices, then they are equivalent. This is because they both enact the same action on an arbitrary qubit state. Thus we aim to prove the theorem by equating the above F matrix of a simulated channel with that of our decomposition defined in Eq. (53) . From the F matrices of E η and E P , we derive that E + := E η •E P and E − := σ x •E η •E P have F matrices
where (q 1 , q 2 , q 3 ) ∈ T . Since η ≥ 0, yet γS 30 ∈ [−γ, γ], we are proposing that
We will begin by considering the first case where S 30 ≥ 0. Equating the f 30 components it is clear that we must set η = γS 30 . As S 30 ≤ 1 this is a valid η value. Rearranging (57) this gives us that (q 1 , q 2 , q 3 ) = 1 − γ 1 − γS 30 S 11 ,
The vector (S 11 , S 22 , S 33 ) belongs to the tetrahedron T , which we prove by showing (in Appendix C)
Moreover, the scaling of this vector seen in equation (58) simply maps to another point still within the tetrahedron (also proven in Appendix C). Thus we may conclude, in the case where S 30 ≥ 0, that our decomposition is valid and unique, since equality defines a valid value for η, and a valid point in T defining E P given by Eq. (58). The proof for the case when S 30 ≤ 0 is very similar to the first case, therefore we have included it in Appendix C.
A. Pauli-damping channels
We have shown that all the channels simulable by noisy teleportation over the resource state χ γ are necessarily of the form (53). Here we discuss the converse, i.e., we establish what channels of this form are simulable, i.e., the region of parameters that are accessible in the parametrization of Eq. (53). This is the content of the following theorem.
Theorem 16
Using noisy teleportation over the amplitude damping Choi matrix χ γ , it is only possible to simulate channels of the form in Eq. (53) where η ∈ [0, γ] and q = (q 1 , q 2 , q 3 ) belonging to the convex space bounded by the points a , ±ab, ∓a
These correspond to the extremal points of the tetrahedron T truncated by the two planes z = ±b, and shrunk by the transformation (x, y, z) → ax, ay, a 2 z .
This theorem motivates the following definition.
Definition 17
We define the Pauli-damping channels as the class of qubit channels that are simulable by teleporting over amplitude damping Choi matrix χ γ and using a classical channel Π for the CCs. They have a unique decomposition form in Theorem 15, and must satisfy the criteria in Theorem 16. 
case 2:
Since we may prove that both
(see Lemma 24 in Appendix C), then we can state with certainty that the class of possible Pauli channels will be bound by the "shrunk" tetrahedron
As well as this, we fixed the value of S 30 when choosing our η value. Since S 11 , S 22 , S 33 are dependent of the same variables as S 30 , this places some restrictions of the values they may take. In order to obtain this, we first use vertex enumeration [52] to find all extremal probability distributions of the space defined by
S 30 = ± η γ k, l ∈ {0, 1, 2, 3} , which we will denote {Q ± m }. Now we may consider (S 11 , S 22 , S 33 ), (S 11 , −S 22 , −S 33 ) as two linear functions, S + and S − , which map
Thus for a given probability distribution Π, we may calculate this transformation as
with m λ m = 1, λ m ≥ 0. Therefore, we need only consider the values of S ± at these extremal probability distributions, in order to obtain all allowable S ii values. These are easily calculated, and we obtain that the eight extremal distributions are
regardless of the case (S 30 positive or negative). These points correspond to T , truncated by two planes at S 33 = ± 1 − η γ . An immediate consequence of this theorem is that we cannot simulate the amplitude damping channel E γ using its Choi matrix χ γ . In fact, this would require η = γ and E P = I, corresponding to q = (1, −1, 1). However, when η = γ our possible Pauli channels are limited from both above and below by the same plane, q 3 = ± 1−γ 1−γ 1 − γ γ = 0, and thus this is impossible. Therefore the amplitude damping channel is not Choistretchable even with the noisy teleportation protocol. The only exceptions to this are the special cases where γ = 0, which is simply the identity channel, and when γ = 1, which sends all qubit states deterministically to |0 . This can be decomposed into the completely depolarizing channel E D with q = 0, which sends all states to the maximally mixed state I 2 , followed by itself, to fit our decomposition (see Fig. 1 ).
V. PROPERTIES AND CAPACITIES OF PAULI-DAMPING CHANNELS
Now that we have shown what channels can be simulated, we study some of the properties of these channels. First of all, we quantify how distinguishable they are from their closest Pauli equivalent. It turns out that the decomposition in Theorem 15 provides a simple answer to this problem: the distance is simply η. 
) for these particular values.
A. Distance in trace norm
The trace norm distance between two quantum channels E 1 and E 2 can be defined as
where ||σ|| 1 =Tr √ σσ † . For Hermitian matrices, this is equivalent to the sum of the absolute values of the eigenvalues of σ. We then state the following.
Proposition 18
Given a decomposition E sim = σ u x • E η • E P characterized by η and (q 1 , q 2 , q 3 ) respectively, then the trace norm between E sim and the closest Pauli channel E cl is simply η.
Moreover, the closest Pauli channel has (f 11 , f 22 , f 33 
Proof. For qubits, the trace norm between two states is simply the Euclidean distance between their Bloch vectors. Therefore we have a very natural way to find the trace norm between two-qubit channels. When u = 0, the Bloch vector of a state under E sim is r sim = (
, whilst under an arbitrary Pauli channel it is r P = (c 1 x, −c 2 y, c 3 z). Thus the problem we need to solve is min (c1,c2,c3)∈T max x,y,z:x 2 +y 2 +z 2 ≤1
( 1
which is the square of the trace norm. Let us first look at the final term (((1 − η)q 3 − c 3 ) z + η) 2 . Given our maximum occurs for some fixed |z| value, we have that the value of this term will be
Clearly this is minimized when c 3 = (1 − η) q 3 , and has value η 2 . The remaining two parts of the equation are simpler. Clearly we want to set
to make these parts disappear, regardless of the values of x and y. Thus we obtain our closest Pauli channel to be
We can be sure that this channel is Pauli as a consequence of Lemma 22 in Appendix C. For the case when u = 1, the proof is very similar, and given in Appendix C.
B. Distance in diamond norm
It is not wise to use the trace norm as a measure for the distinguishability of channels, since it has been shown we can do it better in general by sending part of an entangled state through the channel [53] [54] [55] [56] [57] [58] . With this in mind, we look to an alternative distance. The diamond norm distance ||E 1 − E 2 || is defined as:
where κ in an ancillary Hilbert space to the one acted upon by E, H. In general, one has ||E 1 − E 2 || ≥ ||E 1 − E 2 || 1 . Also we know that the diamond norm can be achieved with an ancillary Hilbert space κ with dim κ = dim H [59] . Therefore, we need only consider a 1 qubit ancillary space in our case and state the following.
Proposition 19
For a channel E sim = σ u x • E η • E P , the closest Pauli channel under the diamond norm is the same as under the trace norm, given in Proposition 18, and the diamond norm distance is equal to η. Sketch Proof. (Full proof in appendix C). First off, we know that
In order to find the diamond norm between E sim and E cl , we look at
for an arbitrary 2 qubit state ρ. We find the absolute sum of eigenvalues for I 2 ⊗ E sim (ρ) − I 2 ⊗ E cl (ρ) to be independent of ρ and equal to η. Thus we can conclude that
Using this, suppose there exists a channel E with a strictly smaller diamond norm than our closest channel. Then we have the chain of inequalities
leading to a contradiction, since we know the closest channel under trace norm to be E cl . Thus we are forced to conclude that the diamond norm is smallest between E sim and E cl , with distance η.
The consequence of this result is that we have a natural measure of the generalization allowed by the introduction of classical channels. Given a resource state χ γ , we know that we will be able to simulate channels || · || = γ distinct from the set of Pauli channels, since that is the largest allowable value η may take.
C. Upper bound for the two-way private capacity
Now that we have characterized the class of Paulidamping channels, we are interested in their quantum and private communication capacities. As explained in the introduction, the two-way assisted capacities are in general hard to calculate. Yet because we have shown that these channels can be simulated with an LOCC protocol (noisy teleportation) over a pre-shared resource (the amplitude damping Choi matrix χ γ ), we may use teleportation stretching and Theorem 10 to upper-bound their two-way quantum (Q 2 ) and private capacities (P 2 = K). In fact, for an arbitrary Pauli-damping channel E with resource state χ γ , we may compute the upper bound (weak converse)
Within the Pauli-damping class, let us analyze the "squared" channel E sq with its F matrix being given by
(78) The decomposition of this channel into the form (53) of Theorem 15 is u = 0, η = γ 2 , and
where γ is the damping parameter of the resource state. Upper and lower bounds for the two-way private capacity P2 and the two-way quantum capacity Q2 of the squared channel Esq, in terms of its parameter η which is the square of the amplitude damping parameter γ associated with its resource state.
VI. CONCLUSIONS
In this paper we have studied a particular design for the LOCC simulation of quantum channels. This design is based on a modified teleportation protocol where not only the resource state is generally mixed (instead of maximally entangled) but also the classical communication channel between the parties is noisy, i.e., affected by a classical channel. The latter feature allows us to simulate family of quantum channels, much larger than the Pauli class, for which we have provided a characterization in Theorem 11.
Starting from the Choi matrix of an amplitude damping channel as a resource state for the noisy teleportation protocol, we can easily simulate non-Pauli channels. In particular, we have introduced a new class of simulable channels, that we have called Pauli-damping channels. Their distance from the set of Pauli channels can be quantified in terms of the diamond norm and turns out to be easily related with the damping probability associated with the generating Choi matrix. For these Pauli-damping channels we have then used the method of teleportation stretching to derive upper bounds for their two-way quantum and private capacities.
In conclusion, our results are useful to shed new light in the area of channel simulation with direct implications for quantum and private communication with qubit systems. Further developments may include the study of Pauli-damping channels in the context of adaptive quantum metrology [20] , or in the setting of secure quantum networks [18] .
Let us suppose that the channel E(ρ C ) is Choi-stretchable via a WH-teleportation protocol. This means that
Since {V B (g)} is a representation of the WH-group, we may use
, where e iφ(g,h) is some overall phase.
Now we may use the group property that gG = G, for any g ∈ G
S ij , S ij can be obtained by the sum
k=0,l=0 (S ij ) k,l p l|k -note we are counting the rows and columns of S ij from 0.
Lemma 20 Proof. Since any point in the tetrahedron can be expressed as a convex combination of the four extremal points in T , it is sufficient to show that the four points,
belong to the tetrahedron (i.e. are themselves a convex combination of the four extremal points), and thus any rescaled tetrahedron point also still remains with the full tetrahedron. Expressing any point as
then we can achieve the points in Eq. (C1)
The normalization and positivity conditions are easy to verify.
Corollary 23 If (S 11 , S 22 , S 33 ) belongs to tetrahedron T , then so too does
Proof. We can simply set α = 1−γ 1−γS30 , and apply Lemma 22.
Lemma 24 For all classical channels Π, as defined in our noisy teleportation protocol, we have that (S 11 , S 22 , S 33 ) belongs to the tetrahedron T .
Proof. An alternative way to define T is by four inequalities which are satisfied by all points within the tetrahedron, namely
We have already seen these used in Section II B. Testing these with S 11 , S 22 and S 33 we find
From this, we can conclude that all (S 11 , S 22 , S 33 ) possible belong to the tetrahedron. This immediately gives that, in the case where S 30 ≥ 0 our decomposition is a valid one.
Proof of Theorem 15 for S 30 ≤ 0. We have already proven this result to be true for S 30 ≥ 0 in the main body of the text. We also need to consider our second case, S 30 ≤ 0. Here we set η = −γS 30 . This time we obtain
Except for the fact our scaling factor is now 1−γ 1+γS30 , we have a very similar situation to our first case, except now we need to prove that (S 11 , −S 22 , −S 33 ) is in the tetrahedron, in order for our decomposition to be valid for our second scenario. If we look at the four inequalities that we need to satisfy, we find that which we already know satisfy our tetrahedron inequalities. Thus we have proved that our decomposition is valid too for cases where S 30 ≤ 0, and so is true for all channels simulable with χ γ as a resource.
Proof of Proposition 18 with u = 1. In this case, we have to contend with the sign change enacted by σ x ; however the proof is similar. This time, we aim to solve min 
This is clearly minimized when c 3 = −(1 − η)q 3 . For the x and y terms, they are clearly minimized for c 1 = 1 − ηq 1 , c 2 = − 1 − ηq 2 .
Remembering that T is invariant under σ x , and thus if (q 1 , q 2 , q 3 ) belongs to the tetrahedron so too does (q 1 , −q 2 , −q 3 ), therefore we can again conclude that the channel corresponding to (c 1 , c 2 , c 3 ) is Pauli, and our second part of the proposition is proved.
Lemma 25 ||E 1 − E 2 || ≥ ||E 1 − E 2 || 1 .
Proof.
= sup ρ2 ||E 1 (ρ 2 ) − E 2 (ρ 2 ) || 1 (C11)
Note we have used the property of subadditivity over tensor product of the trace norm. 
for an arbitrary 2 qubit state ρ. We find the matrix M D = (I 2 ⊗ E sim (ρ) − I 2 ⊗ E cl (ρ)) to be and thus their sum is η. This gives ||E sim − E cl || = η = ||E sim − E cl || 1 . Using this, suppose there exists a channel E with a strictly smaller diamond norm than our closest channel. Then we have the chain of inequalities ||E sim − E || 1 ≤ ||E sim − E || < ||E sim − E cl || = η = ||E sim − E cl || 1 ,
In the case where u = 1, we are writing E sim as the unitary σ x applied after a similar simulable channel, E pos = E η •E P . This has closest Pauli channel E poscl = √ 1 − ηq 1 , √ 1 − ηq 2 , (1 − η)q 3 . Since the trace norm is invariant under unitaries, and the 2 qubit channel I 2 ⊗ σ x is unitary, we can conclude that where we have spotted that the channel E cl = σ x ⊗ E poscl . We can then conclude that ||E sim − E cl || = η, and therefore by using the same chain of inequalities (76), we force this to be the minimum distance possible. 
